Abstract. For an integer n at least two and a positive integer m, let ACðn; mÞ denote the group of Andrews-Curtis transformations of rank ðn; mÞ and let F denote the free group of rank n þ m. A subgroup ACðn; mÞ of AutðFÞ is defined, and an anti-isomorphism ACðn; mÞ to ACðn; mÞ is described. We solve the generalized word problem for ACðn; mÞ in AutðFÞ and discuss an associated reformulation of the Andrews-Curtis conjecture.
Introduction
Let n be an integer at least two, let F X denote the free group on the generating set X :¼ fx 1 ; . . . ; x n g and let m be a positive integer. For a group G and a positive integer z, we write G z for the Cartesian product fðg 1 ; . . . ; g z Þ j g 1 ; . . . ; g z A Gg. We introduce notation for the following transformations on the set F The transformations above are known as elementary Andrews-Curtis transformations (of rank ðn; mÞÞ. A finite sequence of elementary Andrews-Curtis transformations of rank ðn; mÞ is called an Andrews-Curtis transformation of rank ðn; mÞ. The set of Andrews-Curtis transformations of rank ðn; mÞ is a group ACðn; mÞ under the operation of concatenation. Recall that a finite group presentation is said to be balanced if the number of relators equals the number of generators. For elements s 1 ; . . . ; s n A F X , the balanced group presentation hx 1 ; . . . ; x n j s 1 ; . . . ; s n i is said to be Andrews-Curtis trivializable if there exists an Andrews-Curtis transformation of rank ðn; nÞ carrying ðx 1 ; . . . ; x n Þ to ðs 1 ; . . . ; s n Þ. The following simply stated conjecture, first made in 1965 by J. J. Andrews and M. L. Curtis in [1] , has implications of significant interest to topologists and group theorists. The reader is referred to [4] , [13] , [15] for background reading concerning the Andrews-Curtis conjecture.
Conjecture 1 (The Andrews-Curtis conjecture). Let s 1 ; . . . ; s n A F X . The balanced group presentation hx 1 ; . . . ; x n j s 1 ; . . . ; s n i defines the trivial group if and only if the n-tuple ðs 1 ; . . . ; s n Þ is Andrews-Curtis trivializable.
Let F denote the free group on the generating set fx 1 ; . . . ; x n ; r 1 ; . . . ; r m g. We introduce notation for the following automorphisms in AutðFÞ; in each case generators with unspecified image are understood to be fixed by the automorphism and indices are subject to the restrictions 1 c k c n, 1 c i; j c m, i 0 j:
For an automorphism (or endomorphism) f : F ! F and a p-tuple ðu 1 ; . . . ; u p Þ A F p , we write fðu 1 ; . . . ; u p Þ :¼ ðfðu 1 Þ; . . . ; fðu p ÞÞ: Definition 1. Let ACðn; mÞ denote the subgroup of AutðFÞ generated by the set fm i; j ; s i ; w i; k j 1 c k c n; 1 c i; j c m; i 0 jg and define PTðn; mÞ :¼ ffðr 1 ; . . . ; r m Þ j f A ACðn; mÞg.
In Section 2 we describe an anti-isomorphism ACðn; mÞ ! ACðn; mÞ. The nature of this map implies that PTðn; mÞ is the set of m-tuples that may be obtained by applying an Andrews-Curtis transformation to the 'formal' m-tuple ðr 1 ; . . . ; r m Þ.
These observations lead to the following reformulation of Conjecture 1.
Conjecture 2 (Reformulation of the Andrews-Curtis conjecture). Suppose that m ¼ n, let s 1 ; . . . ; s n A F X and let e : F ! F X be the homomorphism defined by ðx 1 ; . . . ; x n ; r 1 ; . . . ; r n Þ 7 ! ðx 1 ; . . . ; x n ; x 1 ; . . . ; x n Þ. This reformulation suggests that an understanding of the groups ACðn; nÞ and sets PTðn; nÞ may be an important tool in an approach to the Andrews-Curtis Conjecture. We pursue an investigation of these objects, in tandem with an investigation of the topological aspects of the conjecture, in order to advance the study of the Andrews-Curtis conjecture. The main advantage of this approach is that it allows the application of machinery and understanding associated with AutðFÞ. We extend our interest to the groups ACðn; mÞ and sets PTðn; mÞ (that is, we do not insist that m ¼ n) because the application of Andrews-Curtis transformations to presentations which are not balanced is also an area of interest: for example, [7, Theorem 2] links Andrews-Curtis transformations to the Whitehead asphericity conjecture.
In Theorem 1, we characterize the elements of PTðn; mÞ by criteria that are easily checked. The necessity of these properties is evident from [13, Theorem 3]; our contribution is to prove their su‰ciency. Recall that for a set U and a subset S of U, S is said to be recursive [10, pp. 88, 217-218] if there is an algorithm to determine whether or not a given element u A U belongs to S. Whitehead [17] (see also [10, pp. 21-43] and [8] ) has described an algorithm to determine whether or not an ðn þ mÞ-tuple is a basis for F. Whether or not an m-tuple has Property (2) of Theorem 1 is easily verified by evaluation. The following corollaries are immediate:
Corollary 2. The set P Tðn; mÞ is a recursive subset of F m .
Corollary 3 (The generalized word problem). For each f A AutðFÞ, it is decidable whether or not f A ACðn; mÞ.
Corollary 4. In the case when m ¼ n, the intersection e À1 ðs 1 ; . . . ; s n Þ V PTðn; nÞ is a recursive subset of F n .
Remark 5. Despite Corollary 4, there is as yet no known strategy to determine whether or not a group presentation is Andrews-Curtis trivializable.
Of course, to demonstrate that a balanced group presentation is Andrews-Curtis trivializable it su‰ces to exhibit an Andrews-Curtis transformation carrying the n-tuple of generators to the n-tuple of relators. One may search for such a transformation by enumerating finite sequences of elementary Andrews-Curtis transformations, and various such e¤orts have achieved noteworthy results [5] , [14] , [16] . In [6] , Havas and Ramsay took an alternative approach to demonstrating that a group presentation is Andrews-Curtis trivializable. They used the coset enumeration package PEACE to enumerate elements of e À1 ðx 1 Þ with trivial image under pr X , and then applied heuristics to the elements enumerated with the aim of recovering a sequence of elementary Andrews-Curtis transformations.
Only limited success was achieved and it was concluded that the development of this approach would require a characterization of those elements of F which may be 'constructed' by applying an Andrews-Curtis transformation to ðr 1 ; . . . ; r m Þ. Theorem 1 provides the missing characterization: the constructible subset of F is the projection of the set PTðn; mÞ onto its first factor. It follows from Theorem 1 and [3] that the constructible subset has natural density zero in F, a fact which highlights the di‰culties to be overcome in any program to prove a particular group presentation Andrews-Curtis trivializable. These di‰culties are further illuminated by work of Bridson [2] . For each integer n d 4, Bridson exhibits a sequence of presentations fP n i g with the following properties: (1) each P n i is a balanced presentation with n-generators and is Andrews-Curtis trivializable; (2) the sum of the lengths of relations in P Remark 6. The present article is not the first one to consider a correspondence between Andrews-Curtis transformations and automorphisms of free groups. Such a correspondence was discussed by Metzler in [13] . However, some details of the correspondence, most notably the anti-isomorphism a introduced below, were not discussed explicitly in [13] . As the correspondence is central to the present article, we give a detailed account in Section 2.
The structure of the present article is as follows: in Section 2 we establish the equivalence of Conjecture 1 and Conjecture 2; in Section 3 we prove a lemma concerning the stabilizer of a primitive subset of F; and in Section 4 we prove Theorem 1 using the mechanism of 'RE transformations'.
Andrews-Curtis transformations and free-group automorphisms
In this section we establish the equivalence of Conjecture 1 and Conjecture 2. We begin by recalling the important concept of 'Nielsen transformations'.
We introduce notation for the following transformations on the set F nþm ; in each case indices are subject to the restrictions 1 c i; j c n þ m, i 0 j: The transformations above are known as elementary regular Nielsen transformations (of rank n þ mÞ; see [10] . A finite sequence of elementary regular Nielsen transformations is called a Nielsen transformation (of rank n þ mÞ. The set of Nielsen transformations of rank n þ m forms a group Nðn þ mÞ under the operation of concatenation. The following lemma may be proved by induction on the length of t as a product of elementary regular Nielsen transformations. We introduce notation for the following Nielsen transformations of rank n þ m; in each case indices are subject to the restrictions 1 c k c n, 1 c i; j c m, i 0 j:
Observe that, for v 1 ; . . . ; v n ; u 1 ; . . . ; u m A F, AC1 f ði; jÞ : ðv 1 ; . . . ; v n ; u 1 ; . . . ; u i ; . . . ; u m Þ 7 ! ðv 1 ; . . . ; v n ; u 1 ; . . . ; u i u j ; . . . ; u m Þ; AC2 f ðiÞ : ðv 1 ; . . . ; v n ; u 1 ; . . . ; u i ; . . . ; u m Þ 7 ! ðv 1 ; . . . ; v n ; u 1 ; . . . ; u Let AC f ðn; mÞ denote the subgroup of Nðn þ mÞ generated by the set fAC1 f ði; jÞ; AC2 f ðiÞ; AC3 f ði; k; þÞ; AC3 f ði; k; ÀÞ j 1 c k c n; 1 c i; j c m; i 0 jg:
We call AC f ðn; mÞ the group of formal Andrews-Curtis transformations (of rank ðn; mÞÞ, and each element of AC f ðn; mÞ is called a formal Andrews-Curtis transformation (of rank ðn; mÞÞ. The action of AC f ðn; mÞ on the set F nþm restricts to an action on the set fðx 1 ; . . . ; x n ; u 1 ; . . . ; u m Þ j u 1 ; . . . ; u m A F X g; thus each transformation t A AC f ðn; mÞ determines a unique transformation pðtÞ on the set F It is convenient for the remainder of this section to relabel r i :¼ x nþi , so that F is the free group on the generating set fx 1 ; . . . ; x n ; x nþ1 ; . . . ; x nþm g. We write StðX Þ for the point-wise stabilizer of X ¼ fx 1 ; . . . ; x n g in AutðFÞ; that is, StðX Þ :¼ ff A AutðFÞ j fðx i Þ ¼ x i for 1 c i c ng:
Since each generator of ACðn; mÞ fixes X , we have the following inclusions:
ACðn; mÞ q StðX Þ q AutðFÞ:
It is noted in [11, p. 130 ] that the following map extends to an anti-isomorphism a : AutðFÞ ! Nðn þ mÞ; in each case generators with unspecified image are understood to be fixed by the automorphism and indices are subject to the restrictions 1 c i; j c n þ m, i 0 j: Note that p g : ACðn; mÞ ! ACðn; mÞ is an anti-isomorphism. The equivalence of Conjecture 1 and Conjecture 2 follows from the commutative diagram above, Equation (1) and the definition of p. We leave the remaining details to the reader.
Stabilizers of primitive sets
We introduce notation for the following automorphisms of F; generators with unspecified image are understood to be fixed by the automorphism and indices are subject to the restrictions 1 c k c n, 1 c i c m:
Our goal in this section is to establish the following lemma, which will be required to prove Theorem 1. 
The generalized word problem
We now characterize the elements of P Tðn; mÞ by criteria which are easily checked, thus solving the generalized word problem for ACðn; mÞ in AutðFÞ. We begin with an introduction to 'RE m-tuples' and 'RE transformations'. RE transformations provide the key mechanism for a procedure to approximate a product W of generators in Stðn; mÞ by a product W 0 of generators in AC f ðn; mÞ. We show that if W ðx 1 ; . . . ; x n ; r 1 ; . . . ; r m Þ ¼ ðx 1 ; . . . ; x n ; w 1 ; . . . ; w m Þ for w 1 ; . . . ; w m such that ðw 1 ; . . . ; w m Þ has Properties (1) and (2) A finite sequence of elementary RE transformations of rank ðn; mÞ is called an RE transformation (of rank ðn; mÞÞ. The set of RE transformations of rank ðn; mÞ forms a group REðn; mÞ under the operation of concatenation.
For each generator t of Stðn; mÞ we assign a corresponding elementary RE transformation reðtÞ, as specified in Table 1 . The following technical lemma witnesses the utility of RE transformations.
Lemma 11. Let t be a letter in the alphabet faðm i; j Þ; aðs i Þ; aðw i; k Þ; aðw Proof. Property (1) is confirmed by inspection of Table 1 . To prove Property (2) we consider cases, depending on the type of reðtÞ. If reðtÞ is of type RE4ði; k; þÞ or RE4ði; k; þÞ, then t 0 ¼ id. If reðtÞ is of type RE3ði; k; þÞ or RE3ði; k; þÞ, then t 0 ¼ t. Suppose that reðtÞ is of type RE1ði; jÞ; for convenience we shall assume that i < j, the case when i > j being entirely similar. Since a i ; a j A F X , there exist a word t 1 in the alphabet fAC3 f ð j; k; þÞ; AC3 f ð j; k; þÞ j 1 c k c ng G1 ;
and a word t 2 in the alphabet fAC3 f ði; k; þÞ; AC3 f ði; k; þÞ j 1 c k c ng
G1
such that we have the following diagram: We define t ¼ t 1 AC2 f ðiÞ.
Remark 12.
It follows from the proof of Lemma 11(2) that t 0 is a function of t and the recorded error ða 1 ; . . . ; a m Þ.
Remark 13. Abusing terminology somewhat, one might paraphrase Lemma 11 as follows: for each RE m-tuple t and each t as above, the e¤ect of reðtÞ on the accurate part of t is identical to the e¤ect of t on the accurate part of t; and further, the e¤ect of reðtÞ on the total of t may be achieved by a formal Andrews-Curtis transformation.
Proof of Theorem 1. Suppose first that f A ACðn; mÞ. Property (1) is immediate from the fact that ACðn; mÞ is a subgroup of AutðFÞ. Property (2) follows by induction once we observe that the result holds for each generator of ACðn; mÞ.
Conversely, suppose that fðx 1 ; . . . ; x n ; r 1 ; . . . ; r m Þ ¼ ðx 1 ; . . . ; x n ; w 1 ; . . . Thus aðfÞ ¼ t A AC f ðn; mÞ and f A ACðn; mÞ.
Added in proof. The author thanks Igor Lysenok for pointing out that a version of our Main Theorem is contained in earlier work of Grigorchuk and Kurchanov; see D. J. Collins, R. I. Grigorchuk, P. F. Kurchanov and H. Zieschang, Combinatorial group theory and applications to geometry, Encyclopaedia Math. Sci., 58 (SpringerVerlag, 1998). The present article is more explicit in its treatment of the Main Theorem, and places a new emphasis on the role of the subgroups ACðn; nÞ.
